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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-1734

DISPERSIONAND DAMPING OF LONGITUDINAL ELECTRON

OSCILLATIONS IN THERMAL PLASMAS

By James F. Morris

SUMMARY

Approximate frequencies and damping factors computed for longitudinal elec-

tron oscillations in classical and quantum thermal plasmas are presented_ effects

of some major assumptions on the values of dispersion variables are discussed.

These and some other simple, incidental characteristics of plasmas are tabulated

for electron number densities from l03 to lO 2A per cubic centimeter_ temperatures

from near the "degeneracy" level to l07° K_ and wavelengths from about 1 to l05

times the Debye distance.

INTRODUCTION

Direct-energy converters interact plasmas with beams of charged particles

and electromagnetic radiation. Therefore, dispersion, damping_ and amplification

involving longitudinal oscillations of plasma electrons are important effects in

energy conversion. These oscillations yield to simple_ direct derivations for

dispersion and damping in classical and quantum thermal plasmas. However, tradi-

tional assumptions seriously affect the values of dispersion variables in impor-

tant plasma regions. In the present report_ these derivations, discussions of

major assumptions, and numbers characterizing some of the interactions as func-

tions of plasma conditions are presented.

To preclude excessive permutations_ a noncollisional plasma without external

fields was analyzed. Electron number densities from 10 3 to i0 2A per cubic centi-

meter_ temperatures from the degeneracy point, or lower, to 10 7° K, and wave-

lengths from about i to 10 5 times the Debye distance were used to compute approx-

imate frequencies and damping factors for longitudinal electron oscillations in

plasmas. Coefficiently_ some other plasma characteristics that derive directly

from electron density, temperature_ and/or wavelength were tabulated for con-

venience.

ANALYSIS

Background

Tonks and Langmuir (ref. i) revealed that systematic oscillations of elec-
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trons occur in cold, quasi-neutral ionized gases; these organized oscillatory mo-

tions persist at a "plasma frequency, " which is independent of wavelength:

_p = _4_nee21m e (l)

Vlasov (ref. 2) and Bohm and Gross (ref. 3) derived the dispersion relation for

longitudinal oscillations in a thermal plasma. This development expressed fre-

quency as a function of electron temperature and wavelength as well as electron

density:

ll 3_e I#121+

The noncollisional damping equation was provided by Landau (ref. 4):

(2)

me
B_c_p e (3)

These are the classics of classical developments for longitudinal plasma oscilla-
tions.

Pines and Bohm (ref. 5) introduced the random phase approximation and ex-

tended this approach to a quantum treatment of electron behavior at metallic den-

sities (ref. 6). The random phase approximation (refs. 6 to 21) solved the col-

lective Hamiltonian including long-range, linear coupling between electrons and

"plasmons." Plasmons are quantized modes of plasma oscillations or low-momentum

(long-wavelength) excitations of the electron gas. The long-range electron-

plasmon coupling added a quantum correction to the dispersion expression for the

classical thermal plasma:

_q.p _ _cp + 2-_ #_'2 _2
\2me%/

(4)

Where short-range, nonlinear effects ascend, the random phase approximation

fails; therefore, in short-wavelength or low-density, zero-temperature limits,

the "exchange" frequency shift (refs. 19, 22_ and 23) must be tacked on:

ZM°q!° ----- 40 _]
(5)

While this point of strain in the Bohm and Pines presentation attracts much at-

tention, the fact remains that a large part of plasma technology resides in the

range of high temperatures. Here the random phase approximation performs ade-

quately for low as well as high densities (refs. 19 and 21).

This paper presents coherent derivations for dispersion and damping of ion-



gitudinal oscillations in classical and quantumthermal plasmas. Of course,
short-range coulomb interactions were neglected in this high-temperature approxi-
mation. A simple physical model yields the integro-dispersion equations direct-
ly; then integration proceeds by straightforward expansion techniques. Whenever
general characteristics or specific definitions of electron distributions are re-
quired_ these solutions invoke the Maxwellian approximation of a high-temperature
Fermi fluid.

The present approximate solutions for classical dispersion and damping are,
of course, identical with the original expressions (refs. 2, 3, and A). However,
solutions based on effectively complete expansions are also presented; these in-
dicate the nature and extent of errors caused by the assumptions used in the
original approximate solutions. For the quantumplasma_ the present solution
yields the Bohmand Pines dispersion relation.

In addition, an apparently newnoncollisional damping function results from
the complex dispersion equation for longitudinal oscillations in a quantumther-
mal plasma (ref. 26):

2KT e

Bq m $(_----)sinh(_e) ; (6 2KTe O)q -_ 6 for _--- > i (6)

In the regions of applicability of the present analysis and of many important

plasma problems, this damping effect approximates very closely the Landau rela-

tion, for temperatures higher than i0 _/(2K). However, at temperatures lower

than _(2K), quantum damping can be a very important effect in longitudinal

electron oscillations of thermal plasmas.

Quantized Longitudinal Electron Oscillations

in a Nondegenerate Plasma

Superficially, the title of this section appears veiled in contradiction;

however, these shadows fade in the light of various contributions to the random

phase approximation (RPA) (refs. 5 to 21). When plasmas are hotter than the de-

generacy temperature, nondegenerate electrons oscillate collectively. Indeed,

the RPA indicates that long-range interactions should extend the nondegenerate

plasma to regions considerably cooler than the degeneracy temperature; further-

more, the RPA decouples long-range (collective oscillations) and short-range (ve-

locity distributions) interactions of the plasma electrons. In addition, accel-

erations caused by gradients and by oscillations of sizable amplitudes at wave-

lengths a little longer than the Debye distance should distort any velocity dis-

tribution function. For these and other reasons, it seems entirely reasonable to

analyze the quantum effects of longitudinal electron oscillations in nondegener-

ate plasmas and to compare them with the classical case.

Random phase approximation results support separation of collective and in-

dividual effects of plasma electrons and representation by classical velocity

distributions to lower than degeneracy temperatures. For example, "the collec-

tive component and the individual particles component of the density fluctuations



will not be significantly coupled, and thus can be treated independently"
(ref. 5, p. 551). Furthermore, the quantum

"canonical transformation to the collective description provides us with
a simple, natural splitup of the interaction between a charged particle
and the electron gas into two parts: a short-range interaction with the
individual electrons, and the interaction with the collective oscilla-
tions of the system as a whole (which has its origin in the long-range
electron-electron and electron-particle interactions)." (Ref. 7, p. 655)

These long-range interactions contribute to

"the result that no 'exchange' contributions to the dispersion relation

appear up to order k4. Physically this result follows from the fact

that the long-range correlations act to keep the particles far apart, so

that they have less chance to feel the effects of the exclusion prin-
ciple." (Ref. 6, p. 624)

These and other effective simplifications are reasons for the increased interest
in

"the generalization of the random-phase approximation [RPA] of the

electron correlation problem to finite temperature. Since this theory

gives the correct high-density limit at zero temperature and both cor-

rect high- and low-density behavior in the classical or high-temperature

limit, such studies are very much in order." (Ref. 21, p. 1085)

Dispersion Equation for Classical Plasma

This section introduces the dispersion derivation at the more elementary

level. The model and method then serve as bases for the quantum plasma develop-
ment.

In keeping with the simple-minded philosophy of the present approach, the

derivations are based on the direction of wave propagation only - hence the ubiq-
uitous subscript k.

Plasma potentials for small disturbances traditionally yield to the trigo-
nometric form:

_ = Re[_ 0 ei(_'_-a_)] (7)

If the coordinates move with the velocity, _w = _/k2, of the wave that produces

this potential, the time variation disappears :

= gO ei_'_

For a homogeneous, infinite plasma the time and space variations of the ve-

locity distribution are only those of the wave, Therefore, when the positive

4
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ions are uniformly distributed and effectively at rest, the Boltzmann equation

for a collisionless electron gas becomes

_f _f _f du _f(Uok) _f(Uok)/e _

+Y_xu+_ffuZY = _x (Uok- Uw) - _u _e _]=°
(9)

With Poisson's equation_

_P _/_ _f(u°k)
(__2_) = ik3_ = 4_ _ x 4_ne e= _x

expression (9) reduces to the dispersion equation:

i k__ __ _f(Uok)dUok /_ _f(Uok)
m e 8Uok Uok - uw = -_ 8x

or

dUok

dUok = i
4Xnee

(_0)

1 l_ _f(u°k) dUok= k2 '_Uok Uok - uw
+ ]f (Uok) dUok

: i/_ f(uo___k_)du°---k (n)
k 2 (Uok - uw)2

..O0

The wave frequency is assumed to have a very small imaginary component_ a

damping factor :

% = %p - i8 (o < _ << %p) (12)

This assumption is justified by the results.

The dispersion equation then takes the form:

O0

i = i f(u°k)dU°k

k2 (Uok-k) 2
_ f(Uok) dUok= _ (kUok _ _)2 =k_2f °° f(u°k)dU°k_.2e_max

(13)

For convenience a maximum electron potential is defined as

d



m e

_x _ - 2_ (Uok - _) 2 (l_)

This expression must, of course, be analytic over the complex velocity plane.

Equation (IS) yields to the following procedures if the number of particles

near the singularity Uok = _/k and the damping factor are small:

f +fl/[ f(Uok)dUok f(Uok)duok f(Uok)duok
1

k2

Cr= _ k)+_

(ms)

Texts on complex variable theory and previous papers on plasma dispersion

describe this integration path and technique in detail. Another discourse here

would serve little purpose.

If the distribution is near Maxwellian, the contribution of the pole at

Uok = _/k to the overall integration is a simple one to obtain:

me #_0_2

= -ix tk2)KTe \k] e (16)

The rest of the dispersion expression can be expanded and integrated:

i_'_ - 2

"t-co

-4-
If (Uok) dUok

S



for IkUok/_ 1 << i. Because (Gk)= IG(Uok)f(Uok)dUok and f(Uok) is symmet-

ric, (unk) disappears for odd values of the integer n. Therefore,

>]--_ +_(_)_<_o_
___ (_o_-J_

(17)

for (U_) 2 2<Uok><< 1.

The nature of this approximate solution requires that m 2 -_ _; so this re-

lation can be used throughout the perturbation terms. In addition, this deriva-

tion assigns one degree of freedom to each electron; so

_e __@_<U2ok>= <u2o>- (xs)

The Debye shielding distance is given by

)xs = _
4Im e e 2

(19)

With these provisions, equations (16) to (19) substituted into (15) yield

the integrated dispersion equation:

- i

Equation (43) gives a more complete expansion for this expression.

can be separated into real and imaginary parts:

(20)

Equation (20)

oc_[{(,+_<_m]v_-_ _p[l + _ (khs)2 ]

1 _ _ (k_03 e 2kkhs2 __ _

_U_-'_

(_Xs)3

Finally, the complex frequency for longitudinal oscillations in a classical

(21)

(22)
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plasma evolves:

-i1i _ 2(kks)2
(k_s)3 e

The group velocity derives from equation (20):

uw

A more desirable but less direct solution for the dispersion equation (i!)

begins with the Maxwellian velocity distribution:

z-_ __ _(_o_) dUok- k2 _Uok Uok - uw

i

'!/2_ 2_2
K A S

O0

duok

_o 2i/2h sUok _"

2l/2_ s 2z--"_ s

Then,

dq

_(_s_+_)-

00

= x-i/2 e'Z2-q2
_z-_ dq

'z2 _) q2 q]
e- d

q -

(lla)

(lib )

8
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From Leibnitz for

_(z)#

h(_.): I f('_.,q)_q
z)

'Y_ _'z- Tqz

'z2-q2)/( 'zwhich, with f('z,q) = (e - q), _ = -_, and $ = _, becomes

z
h(z): _('z)

d'z a'z: _ __-_)dqd'z

/ 'z2-q2\ fz f_

+ z ---_ dq d'z = 2 e dq d'z

z

'Z2= 2_-i 2 e d'z

Therefore, equation (llb) is equivalent to

z2e- (k2_2 + i) = _-1/2z _ s

e 'z2-q2

'z - q z
dq = 2 e 'z2 d'z

---2if(iz)e-(i'z)2(i d'z) =-i_i/2[erf(iz) + 1]

!(i_)

(i-)=-i_i/212 - erfc(iz)] : -i2_l/2 + 2i e-(i'z)2(i d'z)

_(iz)

_Z °°

=-i2_ I/2- 2 e ,z2
d'z (iic)

The integration over (iz) begins at minus infinity where the value of the inte-

l!



gral is zero.

Equation (lic) leads to two expansions:

2 2 = _i_l/2ze-Z 2 _ 1 + 2ze -z2
k hs

_z

_0 'Z2
e d'z

1 22
2 z2 + _z _= -i_l/2ze -z2 - 1 + 2z 2 - _ 3 × S

k2hs2 =-i2xl/2ze -z2 - i - 2ze -z2 _z °°

,z 2
e d'z

_- z 6 + .
3xSx7

for z << I (ll )

= _i2_i/2ze_Z 2 + l_!_+ _ + 3 x______5+ S × 5 × 7

2z 2 22z 4 23z 6 2%z 8

for z >> i (lie)

Of course, if the imaginary part of the complex frequency were positive, the

imaginary term of equation (lle) would disappear. If there were no imaginary

portion of the complex frequency, the integral coefficient of the imaginary term

in equation (lie) would be unity rather than two. Because _ >> y > 0, the im-

aginary component of the complex frequency is very near zero by comparison with

the real part; therefore, the unit coefficient of the imaginary term of equa-

tion (ile) may be appropriately used.

The error function and imaginary terms of equations (lld) and (lle) are tab-

ulated in reference i0, which arrived while this paper was being processed.

Dispersion Equation for Quantum Plasma

The development for dispersion of longitudinal oscillations in a quantum

thermal plasma parallels closely that for the classical case. However, in the

quantum plasma, the individual electron could convert its velocity U--ok at

= 0 to a maximum potential plus the energy of oscillation within the trough of

the wave. The simple quantum theory for a first-state electron in a one-

dimensional box with a width of 2_/k provides the expression for the oscilla-

tion energy {2k2/(8me). Therefore, the maximum potential for an electron

changes from that indicated in equation (i_) to

me me[ -gmax : 2-_ (Uok - uw)2 - _ = _ Uok - uw)2 -
(2s)

10



With this exception_ the procedure leading to the integro-dispersion equation is

identical with that outlined between equations (9) and (13). Equation (13) be-

comes

_ _ _ao_l_uo___ _(uo_uo_(uo 
This expression is identical with that obtained in reference 6.

Again the complex frequency is introduced (similar to eq. (12)):

_q = _ - i_q (0 < _q << _)

which yields

f(Uok)dUok

This indicates an expansion in a vein parallel to equation (15):

(26)

(2v)

(28)

o

,DA_

k 2
f(Uok)_Uok / f(Uok)_ok o
.... 2 + I ....

r_

k 2me

i/_ f(Uok)dUok

f(u°x)_°}__2 + _ {_ _
(Uok - uw) 2 - \2me / (Uok - uw) s - \2me /

+f'_ f(Uok) dUok

I (Uok - _1 - _2-;'j]

k 2me

ii

O



f(Uok)dUok

\2me/

+ i_
f(Uok)

Uok k 2mej _k

Uok = k 2m e

+ i_
f(Uok)

_+_k
Uok- _ 2m---'_

(zg)

Then, for a near Maxu_ellian distribution,

_) 2 f(Uok)Ob

ok k 2_
+

9_k
Uok - _ +

co _%k

Uok = [ + 2m--_

mei_e,_2mf_--e-_7_ _ e_._-
_Ik \k/ _2_KT e e

me /__Z

/_i/2[2k'Te_/me_3/2(_k)3- 2KTe kk/ [sinh (2_e) ]=-i _) _-_---)k_--j e

_( __V
I_'l/zlZ_e' 1 3 - IsC_e)]VAs/_---_--){,-w--] e 2 kkhs / inh (30)

12
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inequatio_130__ _2 @)2
\2me/ << , and the final step involves

also used in the approximate classical case:

(_k-_') (Uok _ Uw)2 _ \2me /

m J_ which was

f(Uok)aUok

The denominator here expands and reduces to

1 --

(31)

[1 +_ --S--k"°k+__-S=)/k"°_'\2 +/k'_°k]3 ÷ "] <+\_I

_k2 12

/ kuo21 + }[ kUok +"..

; l+ 2 kUok_i,+3 \%reJ:]

15
13



(for the lowest order thermal and quantum effects).

Thus_ equation (51) integrates to yield the following approximation:

u_)_ f-_YCuok - k_---_-j

2 kUok + u 2+ 2 _ 5 + _ik2 2 f(Uok)dUok

= k 2 2
2 + (_)<Uo}+

+ sk2x_ + (kx s) (s2)

for IkuoJcol << 1 >> [_k2/(2meco)]. Again co -_ _p was used in the perturbation

terms.

Now the substitution of equations (S0) and (52) in (29) yields the inte-

grated dispersion equation for a quantum thermal plasma:

i -_ a_qP - 2icoq!oSq -_ _{1 + 5(kks)2 + \2KTe]{_-_P]2(khs)¢

{2KTe_{-I _5 e 2kkks/ Is {i__ \_% / \kXs/i (3s)

14



o_ + S(k_:)_ + (kXs)_

=-% _ _ if____2 ]

_{__.V
e

Then the complex frequency for longitudinal oscillations in a quantum plasma

results from combining equations (3_) and (3S):

+ Z (khs + Z\ZK_e/ (khs

The group velocity results from equation (33):

IS

i



+ 2

(s7)

DISCUSSION OF QUANTUM DAMPING

An apparently new noncollisional damping relation (eq. (35)) evolved from

the complex dispersion equation for longitudinal oscillations in a quantum ther-

mal plasma (ref. 2A). This damping factor equals that of Landau multiplied by a

function with an argument proportional to the "plasma quantum" divided by the

electron thermal energy:

_q: _--_)sinh
(35)

The Landau damping factor 6 is well known; it maximizes at

5ma x = 0.725 _p (3s)

where

or

5 maximizes with respect to each of the independent variables at

_.me ._t/2 1

k]Sma x = kZ---_j Cap = hs "v_

: 2X -_ hs _ llh s
h_ 5max

(39)

and

16

"KT "i/2

COp]5max = 2 (_m_) k

Tel 8max 3K\k/

This maximum Landau damping factor should cause pause.

IS

(_o)

(41)

Two major assump-



tions about the complex frequency precipitated solutions of the integro-
dispersion equations and coagulated results suspendedin the interdependence of
the real and imaginary expressions. First, the imaginary portion (Landau damping
factor) of the complex frequency was assumedto be very small comparedwith the
real part. Second, the real part (thermal plasma frequency) of the complex fre-
quencywas approximated by the Langmuir-Tonks (zero-temperature) frequency.

These two assumptions (8 _ _cp and _cp _ _p) are traditionally used to
obtain solutions for both the thermal plasma frequency and the Landau d_mping
factor_ the approximations imply $ _ _p, which is hardly equivalent to
5max = 0.725 _p. This problem will be treated in more detail in the next sec-
tion. However, the Landau dampingfactor plunges past paucity as any one of its
variables moves from the value at the maximumdampingfactor. This effect is
shownin table I_ where the ratio of Landau damping factor to Langmuir-Tonks
plasma frequency is presented for various values of wavelength divided by the
wavelength at maximumdamping. Of course, a similar sharp definition of 5max
can be shownfor hs_ which includes effects of electron density and temperature.
Therefore, the assumption of a very small imaginary term in the complex frequency
is_ in general, a good approximation.

Three more major assumptions play parts in the developments of both Landau
effect and the quantumdamping factor. First, small disturbances produce plasma
potentials. Second, if the temperature is high enough, the Maxwellian distribu-
tion approximates the Fermi fluid. Third_ in the perturbation terms of the ex-
pansion for the complex frequency_ the Langmuir-Tonks value replaces the thermal
plasma frequency with little error. This (u_lp _ _p) might limit the quantum
thermal frequency to 1.25 times that of Langmuir-Tonks (a_Lp _ 1.25 _p).

The Maxwellian substitution implies operation above the degeneracy tempera-
ture; however_ RPAresults indicate that long-range interactions should extend
the validity of the classical approximation to temperatures below the degeneracy
level. Therefore_ a more than safe lower limit for the present derivation is the
degeneracy temperature, which is of the order of the Fermi energy divided by the
Boltzmann constant:

E_ h2fSne._2/3
To - K - 2m e_ kS-'_'-/ ( 4_2)

Table II records plasma properties computed for various electron densities

at the respective degeneracy temperatures.

As electron density drops and/or temperature climbs, 5q/5 decreases

(table IIl)_ for temperatures greater than i0 _/(2K) (last column of table II),

5q/5 is effectively unity (table IIl). Of course, 5q/5 yields the quantum

damping factor when it is multiplied by the Landau relaxation time, which is a

function of _p and kh s. The wavelength (2_/k) of plasma oscillations must be

greater than the Debye distance. In addition_ k, hs_ and _p are restricted by

17
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the assumption _qp _ _p (arbitrarily, @qp _ 1.2S _9). Some of the limits for

k_ s and _ag/(2KTe) are listed in table IV; these results were obtained by sub-

stituting 1.25 _p for _%iP in equation (3d).

This discussion indicates the restrictions imposed on the variables of the

quantum damping factor by assumptions used in the derivation. The Landau factor

can be used as an approximation, where its assumptions apply, for damping of lon-

gitudinal electron oscillations in plasmas with electron temperatures higher than

i0 _p/(2K). However, the quantum damping factor must be used for plasma elec-

tron temperatures lower than _(2K).

EFFECTS OF FREQUF_NCY FERTURBATION ASSL_kPTION

In the preceding section, it was strongly intimated that the usual approxi-

mate solutions for the plasma dispersion equation are badly malformed in a criti-

cal region. Near the Landau damping maximum and the Debye distance, the substi-

tution of the Langmuir-Tonks frequency for the thermal plasma frequency in per-

turbation terms of the expanded solutions fails miserably. Therefore, in this

vital area of thermal plasma properties, the frequency and damping factor for

longitudinal electron oscillations are unreliable estimates. Furthermore, not

far from this location, the Landau damping factor is effectively zero, and the

thermal plasma frequency is beautifully approximated by the Langmuir-Tonks value.

Thus, the approximate results for plasma dispersion seem to have very limited

applicability.

The conventional approximate plasma dispersion solutions invoke the fre-

quency perturbation assumption to decouple and si_@lify involutions of real and

imaginary frequency terms. If the thermal and damping contributions to the com-

plex plasma frequency remain small, the final dispersion expressions are rela-

tively uncomplicated. Then, the terminal expansions for thermal plasma frequency

and damping are merely separated and trimmed to the lowest order perturbation

terms; as a result, each of @cp and 8 is expressed as the product of the

Langmuir-Tonks frequency and a simple function of k_ s (eqs. (21) and (22)).

These reduced solutions for _cp and $ yield a thermal plasma frequency that

is SO percent greater than the zero-temperature plasma frequency at the damping
S

factor maximum (_cp = _@p at _max = 0.725 _). As the wavelength for plasma

electron oscillations decreases from maximum damping toward the Debye distance,

the thermal influence on plasma frequency increases strongly. Because this is a

particularly pertinent part of plasma properties in energy conversion and other

technologies, it would seem that many existing treatments of longitudinal elec-

tron oscillations in thermal plasmas quit before they really start. However, if

the expanded complex-frequency expressions in their complete forms are solved

simultaneously for @cp and B, the frequency perturbation assumption _cp _ _p

is unnecessary for small k. The following equations show complete expansions

for frequency, damping factor, and group velocity for longitudinal electron os-

cillations in a classical thermal plasma and indicate where the frequency pertur-

bation assumption fails:

iS

2O



In this equation the contribution of the iraaginary term of the complex fre-

quency is included only in the integration around the pole at Uok = uJ/k (see

eqs. (14) to (17)). This approximation is a good one because the real part over-

whelms the imaginary portion of the complex frequency everywhere except near the

damping factor maximum (table I). Therefore, inclusion of the imaginary term of

the complex frequency in the integration that now proceeds along the real axis

would greatly complicate the solution without improving it effectively.

Equation (45) can then be separated into its real and imaginary parts. The

first yields the classical thermal plasma frequency:

_(5_c2p - 52) cos
(a_khs)2 - _cp(_2p - 382)sin (_khs)2

____$2

e (44)

and the second gives the damping factor for a classical thermal plasma:

_c_5

5(3_p-_)si_(%°k_'s)2+_cp(_O[p-3_)cos

%p% kS/ \khs / e

Equation (44) can then be differentiated with respect to wave number to pro-

duce the group velocity for longitudinal electron oscillations in a classical

thermal plasma:

19
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Equations (44), (45), and (46) car, be used to compute approximate values of

classical thermal plasma frequency, damping factor, and group velocity for longi-

tudinal electron oscillations without the frequency perturbation assumption.

This should indicate the extent of aberration by approximation and reveal whether

the simplified theory for the plasma electron oscillations applies in the impor-

tant region near the damping factor maximum and the Debye distance.

Inverse binomial expansions were used in the integro-dispersion expressions

for the present calculations; however, exponential series (eq. (lld)) would have

yielded similar results. The same general restrictions apply to both expres-

sions, and both reveal the problems caused by the frequency perturbation assump-

tion.

As it was stated after equation (lle), results for frequency and damping of

longitudinal oscillations of plasma electrons are presented in reference 25.

There the error function and the imaginary terms of the dispersion equation for

a classical thermal plasma (eqs. (lid) and (lle)) are tabulated.

FORMULAS FOR COMPUTED RESULTS

Computed results related to dispersion and damping in classical and quantum

thermal plasmas are presented in table V. The formulas for the items recorded

in table V are given here in the vertical order of tabulation; where several

plasma characteristics exist in one row, these properties are listed in order

from left to right before proceeding to the next lower vertical level:

N-E, electron number density, electrons-cm -3, ne

LAMBDA-I, "plasma lattice spacing," cm between adjacent ions, h i = n_i/5

E-F-O, zero-temperature Fermi energy_ ev, E_ h2 --_3ne_2/5
- 2me \8-_-/

o =T-E-O, degeneracy temperature, OK, T e

OMEGA-P, Langmuir-Tonks (zero-temperature) plasma frequency,

radians-sec -I, _p = (_nec2/me) I/2

LAMBDA-0P, free-space wavelength for electromagnetic radiation at zero-

temperature plasma frequency, cm, hop = 2_C/_p

T-E, electron temperature, OK, T e

P-E, electron pressure, atm, Pe = neRTe/(6"0228x1023)

LAMBDA-S, Debye distance, cm, _s = [KTe/(4_neC2)] I/2

21
9,3

qv '.,I



LAMBDA-W, wavelength of longitudinal electron oscillations in a plasma, cm,

N

K, wave number of longitudinal electron oscillations, cm -I, k = 2_/% w

0MEGA-0, free-space frequency of electromagnetic radiation having a wave-

length equal to that for longitudinal electron oscillations,

radians-sec-l, _o = ck

EPSILON, plasma dielectric constant, c = i - _/_

V-_ phase velocity of electromagnetic radiation with a wavelength equal

to that for longitudinal electron oscillations, cm-sec -I,

Vemp= c/(1- I/2

P, plasma penetration depth for electromagnetic radiation with a _¢avelength

equal to that for (with _o _p),the longitudinal electron oscillations <

cm, p = 2_c/[_p(l - _J_)i/21

0KEGA-CP, approximate classical thermal plasma frequency, radians-sec -I,

_cp =°b +_

OME@A- CP/OKEGA-P, _cJ_p

LAMBDA-OCP, free-space wavelength for electromagnetic radiation at approxi-

mate classical thermal plasma frequency, cm, _ocp = 2_C/_cp

UPSILON-PCP, approximate phase velocity of longitudinal electron wave in a

classical thermal plasma, cm-sec -I, Upc p = _cJk

UPSILON-GCP, approximate group velocity of longitudinal electron wave in a

classical thermal plasma, cm-sec -I, Ugcp = b@cJbk = S(_phs)2k/_cp

DELTA, Landau (approximate classical) damping factor, sec -I,

i

% f_ l/2 8(kXs )2
B=

(kXs)S _) e

DELTA/0HEGA-CP, S/ecp

0}_GA-QP, approximate quantum thermal plasma frequency, radians-sec -I,

o aA- /o aA-P,

22

2I



LAMBDA-OQP_ free-space wavelength for electromagnetic radiation at approxi-

mate quantum thermal plasma frequency_ cm_ _oqp = 2_C/_qp

UPSILON-PQP_ approximate phase velocity of longitudinal electron wave in a

quantum thermal plasma, cm-sec-l, Upqp = _qJk

UPSILON-GQP_ approximate group velocity of longitudinal electron wave in a

quantum thermal plasma, cm-sec -I, Ugqp = (kl_q!o)(_p_s)2 + 2_e _ (k_ s)

/2 e\

 q/ qp

WITHOUT O_EGA-CP _ OMEGA-P_ the following calculations for a classical thermal

plasma were made without the simplification of the frequency perturbation as-

sumption:

0_GA-CP, classical thermal plasma frequency, radians-sec-l_ eq. (44)

LAMBDA-0CP_ free-space wavelength for electromagnetic radiation at classical

thermal plasma frequency, cm_ _ocp = 2_C/_cp

UPSILON-PCP_ phase velocity of longitudinal electron wave in a classical

thermal plasma_ cm-sec-l_ Upc p = _cJk

UPSILON-GCP_ group velocity of longitudinal electron wave in a classical

thermal plasma, cm-sec -I, eq. (46)

DELTA_ damping factor for longitudinal electron oscillations in a classical

thermal plasma, sec-l_ eq. (45)

DmTA/O aA-CP,

DISCUSSION OF COMPUTED RESULTS

Table V contains computed approxi_zte values of frequency and damping func-

tions for classical and quantum thermal plasmas. Some other plasma characteris-

tics that derive simply from the variables of the dispersion equation are also

tabulated. These properties and their defining equations are listed in the pre-

ceding section. The results were calculated for electron number densities from

I03 to i025 per cubic centimeter_ temperatures from either I0 or the first inte-

gral power of i0 below the degeneracy temperature to 107o K_ and wavelengths from

just greater than to about i05 times the Debye distance.

Table V reveals the regions of plasma conditions where the Langmuir-Tonks
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frequency can be used with impunity to approximate the complex plasma frequency.
Furthermore, the numbers indicate the limited area in which the frequency pertur-
bation assumption (_cp or aklp m _p) applies in dispersion expressions for ther-

mal plasmas. The boxes enclose results computed when using the frequency pertur-

bation assumption where it does not hold. This assumption has a pronounced ef-

fect on the approximate damping factor_ extreme care should be exercised in the

application of the simplified damping factors, particularly in view of the fact

that they are exponentials.

The Landau damping factor with its limitations can be used for electron tem-

_(2K). However, when temperatures are lower thanperatures higher than i0

_p/(2K), quantum effects of longitudinal electron oscillations must be consid-

ered in the damping of these waves.

Finally, values are recorded for a classical thermal plasma computed without

the use of the frequency perturbation assumption but with the restrictions of the

expansion technique. These can be compared with the more approximate results for

the complex frequency. It is also gratifying to note that the damping factor is

always small by comparison with the thermal plasma frequency when the frequency

perturbation assumption is not used for the classical plasma.

Similar results could have been obtained using exponential rather than in-

verse binomial series in the expanded dispersion calculations. In any event, it

is clear that the frequency perturbation assumption renders the expression for

the complex thermal plasma frequency qualitative in the regions where temperature

effects are important.

The approximate thermal plasma frequency (refs. 2 and 3) and damping factor

(ref. A) combine simplicity and profundity. Therefore, they are appealing weap-

ons in any assault on plasma dispersion problems; in fact_ there is a tendency to

wield them with abandon. However, these simplified solutions apply in a very

limited region. They fail near the Debye distance and the damping factor maxi-

mum. This_ unfortunately, is the place where they are needed_ not too far from

the Landau factor maximum_ damping is nil, and the Langmuir-Tonks frequency is an
excellent approximation.

For these reasons, the arrival of reference !0_ during the final review of

the present paper, was particularly propitious. Reference i0 records values of

real and imaginary terms resulting from the integration of the error function in

the complex plane. These are the numbers to use for safe calculations of classi-

cal plasma dispersion effects where damping and thermal influences on frequency
are important.

Lewis Research Center

National Aeronautics and Space A&ministration

Cleveland, Ohio, March 7, 1965



APPENDIX- SYMBOLS

(Symbols for table V are given in section entitled FORMULASFORCOMPUTEDRESULTS)

Cr=_ indicates integration around the poles on a path with radius r = a in

c

f(uok)

K

k

me

n e

R

Te

t

Uok

Uqg

uw

x

(2,

gq

E

velocity plane

speed of electromagnetic radiation in free space

Fermi energy at 0° K

zero potential velocity distribution function for dimension contain-

ing k

Planck constant (h) divided by 2_

wave-number equivalent electron momentum at Fermi level

wave vector_ given by 2_/h and Imving propagation direction

mass of an electron

electron number density

universal gas constant

absolute temperature of electrons

degeneracy temperature

time

classical group velocity

zero potential velocity in dimension including wave propagation vector

quantum group velocity

wave velocity

distance vector in wave propagation dimension

very small increment in complex velocity plane

Landau damping factor

damping factor for a quantum plasma

electronic charge

Boltzmann constant
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hs

Pmax

_°max

9 o

_c

_p

_qp

]Sma x

wavelength

Debye shielding distance

charge density corresponding to maximum potential

potential

maximum potential

amplitude of potential function

complex angular frequency for longitudinal oscillations in a classical

thermal plasma

angular frequency for longitudinal oscillations in a classical thermal

plasma

Langmuir-Tonks plasma frequency (for a "cold" plasma)

complex angular frequency for longitudinal oscillations in a quantum

thermal plasma

angular frequency for longitudinal oscillations in a quantum thermal

plasma

indicates value of preceding variable at 5 maximized with respect to

preceding variable
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TABLE I. - IANI]AU DANCING

k

k]Sma x

1/3

1

3

S

20

%

2.2X_!_0 -14

1.2XlO -4

7.5><_!_0-1

1. OXIO -1

2.5XlO -2

5.2><10 -5

1014 5.64Xi0 II

I0 IS 1.78xi012

1016 5.64_012

1017 1.78xi013

1018 S.64XI0 IS

lO 19 1.78x1014

1020 5.64x1014

1021 1.78x101S

TABLE II. - DEGENERACY PROPERTIES OF PLASMAS

7.85X10 -6

3.65X10 -5

i. 69x10 -4

_0
e;

oK

9.llXl0 -2

4.23XI0 -I

i. 96x100

Pe

at T°

arm

1.24><10 -9

5.76XI0 -8

2.68"<10 -6

hs _Po 8q/8
O O

at Te 2_-Te° at Te
cm

2.08X10 -7 23.6

i. 42XI0 -7 16.1

9.67XI0 -8 ii.0

7.85X10 -4

3.65X10 -3

1.69X10 -2

7.85X10 -2

3.6SXIO -1

9. llXIO 0

4.23X101

1.96X102

9.11×3_02

4.23X103

1.24.'<10-4

5.76XI0 -3

2.68XI0 -I

1.24X101

5.76×102

6.59X10 -8

4.49X10 -8

3.06X10 -8

2.08Xl0 -8

1.42X10 -8

3.89X108

3.06X105

2.65X103

T e =

oK

7.47 1.18xlO 2

5.09 1.60x101

3.47 4.62Xl00

2.36 2.23x100

1.61 1.49x100

2. iSX101

6.81XlO I

2. iSXlO 2

6.81XlO 2

2. ISXIO 3

6.81X103

2. iSXl04

6.81XlO 4



TABLEIII. - PLASMADAMPINGFUNCTION

2KTe
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2KT e __
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1.0000
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1.7811X1011

TABLE IV. - VALUES OF PARAMETERS

FOR @q_p = 1.23 CUp

! (k%)2
2
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2W2 e
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TABLE V - Cuntl._ued. DISPERSION AND DAMPING IN A THERMAL PLASMA
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TABLE V. - Continued. DISPERSYON AND DAMPING IN A THERMAL FLASMA
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TABLE V. - Concluded. DISPF2SION AND DAMPING IN A THERMAL PLASMA

LAMHDA-|= [.0000004£-08 E-F-O- _,6457&&AE Oi

[-_= L.bL GU

V-E= L,3624228P 08 LAM_OA-S= 6.90L43L�E-09

T-E-O = _.230700?£ 05 OMEGA-P= 5.b4|2531E 16 LANBOA-CP_ 3.3388B25E-06

DELTA-_/D_LIA ARG= 2.1542AO6E-OL _ELIA-Q/D£LTA" 1,CC77525E O0

LAHBDA-W

K

UME ha-El

EPSILON

V-LMP

P

OHEGA-CP

OMtGA-CPIOMEuA-P

LAM_UA-OCP

UP_ILON-PCP

UP_ILL)_-_CP

DELT6

DELIA/UM£_A-CP

UMtGA-QP

OMEGA-_P/OMEGA-P

L_M_A-(_P

UPSLLON-P_P

UPb|LUN-_QP

DLLTA-_

_[LIA-_/OMkGA-_P

9.9_9_99E-0_

6,2_|8_3E OB

I.BH3548|E |9

9.9_g�LOZE-O|

2.9_7T73AE LO

1.6_7560OE 18 2.132046BE L7

2.920521_E 0l 4.|339tZ6£ 00

l.|632_8E-07 B.Or6_0956-O?

2.6_2LAI4b U9 1.|1_4693_ 09

L.?_6L8Z2E 0_ 6.O838762E 08

6,2ZlSZ3_E 14 9.2L46_83_ 15

2o562_012_-04 3.95130_5E-02

2.LL0J_81E 18 2.38918Z8_ lT

_.7_0_385E GI 4.23519U7_ 00

B.9_52536E-08 7.H8365OZE-OT

3.3_87_92E 09 1.140750BE 09

2.L4147OOE 08 4.2438725E 08

6.2_6553[E 1_ 9.2860650£ 15

?.OlbU_7E-04

3.0000000[-08 9._99999gE-OH 3.0000000E-07

_.0963951E 08 &.2B3|_62E 07 2.09A_951£ 07

&.21849_TE E8 |oEB]568LE _8 6,_TB4938E L_

9.999L9_6[-01 g,_�LO_99E-O_ 9.9_9_b_0E-0_

Z.99/8_LOE _0 ?._gEOb6E _0 ).009_6_ |0

5.8180450E 16

1,03L]39[b O0

_.2376245E-06

2.77?9119E 09

|o63693B_E O8

_.73LAT38E 08

8.1322398E-O9

5.818LOZIE 16

I.O_IJ49ZE O0

3,237392TE-06

2.7779391_ 09

1.&3_9805£ OB

_.7O80539E 08

3.BHb71LgE-02 _,Z_686ZSC-UI R.|95Z069_-09

_[THGUT _MEGA-CP APPK_X|MA_ELY EUU_L T_

1._O0|gLb L_ 7.2b)999_E L6 5.8099999_ |6

2.16267#8E O0 1.2912024E O0 |.OZ99130E O0

L.543BbTB[-O6 2.SB58_U6E-Ob 3.ZA|907)E-06

5.82515_0E 08 1°I_92846_ 09 2*?_0707E 09

5.9979295E 08 2.1_81500E 08 L.b_BELSOE O_

[.8906_48E 16 T.SL_g999E E5 LoL7300COE OH

1.56966BZE-Ol l.O_L?|33E-Ol 2.0189328E-09

UMEGA-CP 2.8460933E IT

uM£GA-CP/OMEGA-P b.0451431E CO

LAMe_A-OCP b.6LS0125E-O7

UPS_LO_-_CP 6,529_981_ U8

UP_LLON-bCP 3.89Cbg_6E 08

DELTA 5.&Gg_T46E L5

OEL[A/UM_GA-CP 1.9700032£-02

7.2323BU6E 16

L.2_ZO521E 00

2.6063_66E-06

L.|SlO691E 09

3.9504761E 08

3.03545LgE L6

_.Ig?O)GOE-OL

7,23700d7E L6

1.2_287_5E O0

2.602661|E-06

I.IbLBU_7E 09

_,970g168E OB

_.0589842E 16

I,COO0000E-06 9.9_99999E-05 •

6.2831852E 06 E.2E_IB52E O_

l. BB35681E 17 1.8E35481E L5

9.1029890E-01

3.[4[q�O3E LC

3,3AO7451E-06

5.6_7166_E 16 5.6412546E L6

1.0028205E O0 1.0CCCO05E O0

3.329_916E-06 3.3388_|6_-06

9.0036566E 09 8.9783356E 11

5.05047lie 07 5.0647148E 05

-0. -G.

-0. -C.

5.6571647E t6 5.6412566E 16

1.0028206E OC I.OCC¢O03E O0

3.3294914E-06 3.3388816E-06

_.C03_572E 09 E.9_B3356E Ll

5.050?667£ 07 5.0647L48E 05

-0. -C.

-o° -0.

OM6GA-P

5.6_12539E L6 5.641ZS32E l&

1.C035454E O0 I.OCCCQOOE O0

3.3270865E-06 3.33B882_E-06

9o010165_ 09 B.�YB333AE II

5.0144732E O? 5.0667164E 05

O. C°

O. O°

LAMBDA-I= 1.0000006E-08 E-F-O= 3.6657644E Ol

r-_= L.0L 07

P-E= 1.362622BE 09 LAVBI)A-5- 2.1824266E-08

T-E-O= _.2307007E 05 0MESA-P= 5.6412531E 16 LAMBOA-OP" 3.3388825E-O_

DELTA-O/UELTA ARE= 2.Lb42406E-02 OELIA-Q/DELTA= I.O_O07T_E O0

LAMRUA-W

K

EPSJLON

V-aMP

v

dMEG_-CP

U_LbA-LP/U_EG_-V

LAMbDA-uCP

_P$1LON-PCP

DELIA

uL£rA/_H_bA-CP

LJ_L_A-_P

LHcGA-_P/UMEbA-P

LAMeCA-U_P

L£LTA-_

_LIA-_/_MtGA-WP

()MLGA-_P

U_GA-CP/uME_A-P

LAHBSA-{;CP

UPhlLUN-PC_

UPS|LdN-(,_

D_LIA

U_L1A/[_HcbA-CP

3.0000000£-08 9.099999gE-08

2.09_951E O_ O.20)LHmZE 07

6,_/849_7E l_ I.B835_dIE 18

9o9991926E-0l 9.991029gE-01

2.9_7_810E 10 2.9991054E [0

3.0000000E-07 I.OUO00OOE-O6

?.094395[E 07 b. Z83|BSZE 06

6.2786938E 17 1.EB354_IE |7

9.gx92690E-O| 9.[029890E-01

1.00993¢3E I0 3.|619903E I0

5.8003657b 16

t.0282052E O0

3.2ATZ920E-06

9.Z315688E 09

4.g257836E 08

_.8197055E 07

6.6887257E-_0

5.flOO)662E L6

_.0282053E O0

3.24729L?E-06

9.2315695E 09

4.9258118E 08

3.BBOOO43E 07

6.6892402E-lO

OMEGA-EP APPHEXIMAIELY EQUAL TC

/.469999gL L6 5.RCCOOOOE ]6

1.3261738E O0 1.028LeO3t 00

2.52|6835_-06 3._674968b-Ub

_.5666623E 09 9.2309867_ Gg

b.B_gObbSE OR _.6956527E 08

8.5&99999b 15 8.'_999999E Ub

I.L472)_TE-01 1.55172_lE-LO

L._2;331gE IK 2.L5525ZBE 17

3.23_9126E Ol 3.EZOS_IAE O0

|.032_591E-U? 8.7_q3372_-07

8.710>63A[ Og 3._019|_E 09

5.2_06217_ O_ 1°_256610E 09

_.61_8E 1_ 1.Ob09|07E L6

L.83006_TE l_ 2.15571_bE 17

1,029_355E-07 8.7376_09E-07

8.7JT_2_E 09 3._309_B0£ 09

5.2377&lL_ 08 l._Z616?EE 09

].614_21E 14 1.05099L6t L6

L.9?SLO_BE-06 4.875372LE-02

?._O917Z_E L6

1.31339L3E O0

2.54_LBE?E-U6

3.5376195E 09

1.2854043E 09

_.3UllgO2E 16

4.5635193E-01

?,4092Z95E 16

1.3|340L4£ O0

?.5621646£-06

]ob37b_65E 09

L°285_775E 09

_.3_IASO_E 16

4.563835&E-01

,ITHOUT

2.9181247E |7 1.1790000E 17

5.2191899E O0 Z.O_996ilE O0

e._4blL4E-07 L.%97581IE-O6

1.621'_698E 09 |._663_8[ 09

1.230bO_eE O_ |.27_1628E 09

5.?_6_7_5E 1_ 2.UIO0000E L6

I._78_9_9£-0_ l._0483_6L-0l

9.gggggggE-05 q.qgg_999E-03

6.2831852E 06 6.283L85ZE 02

1.8835A81£ 15 1._835_81E L3

3.3601651E-06 3.33EB826E-06

5.6412690E 16 5.641Z531E 16

I._O0002BE O0 I.OCCCO00E GC

3.338873LE-06 3.3388825E-06

B.97835B4E |l B. 978333LE 13

5.0647020E 06 5oO_47Lb2E 04

-0. -C.

-0. -O.

5°64|2690E 16 5.6_125_1E 16

L.OOOOO28E O0 1.OCCC_GOE O0

_.]388731E-G6 5.33888ZAE-06

8.9;835_6E 1| 8.9783331E 13

_.C6470ZOE 06 5.C66TI62E 04

-0. -0.

-0. -C.

CMEGA-P

5.6412532E 16 5,64L2532E 16

L.COOOOOOE O0 L.OCCCOOOE O0

_.3388824E-06 3.3388824E-06

_._783334E || 8. g?83334E 13

_.O6_T19|E 06 5.0_AT159E 04

O. Go

Q. C°

56 N_SXL_.¢,_, zg_a E-1879






